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Abstract: We use modular invariance to derive constraints on the spectrum of warped
conformal field theories (WCFTs) — nonrelativistic quantum field theories described by
a chiral Virasoro and U(1) Kac-Moody algebra. We focus on holographic WCFTs and
interpret our results in the simplest holographic set up: three dimensional gravity with
Compe`re-Song-Strominger boundary conditions. Holographic WCFTs feature a negative
U(1) level that is responsible for negative norm descendant states. Despite the violation of
unitarity we show that the modular bootstrap is still viable provided the (Virasoro-Kac-
Moody) primaries carry positive norm. In particular, we show that holographic WCFTs
must feature either primary states with negative norm or states with imaginary U(1) charge,
the latter of which have a natural holographic interpretation. For large central charge and
arbitrary level, we show that the first excited primary state in any WCFT satisfies the
Hellerman bound. Moreover, when the level is positive we point out that known bounds
for CFTs with internal U(1) symmetries readily apply to unitary WCFTs.
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1 Introduction and summary of results
A fascinating aspect of holography is the possibility to constrain gravitational theories
by exploiting the consistency of quantum field theories in lower dimensions. In this con-
text, three dimensional gravity with a negative cosmological constant is a particularly
useful playground. Indeed, any consistent quantum version of Einstein gravity with Brown-
Henneaux boundary conditions [1] is expected to be dual to a two dimensional conformal
field theory (CFT) [2–4]. Fundamental properties of two dimensional CFTs like unitar-
ity and modular invariance can therefore be used to constrain the spectrum of putative
theories of quantum gravity, see e.g. [5–7].
Extending this approach beyond the context of the AdS/CFT correspondence is an
important step towards understanding quantum gravity in the real world. A tractable
but promising direction is to consider three dimensional gravity with alternative boundary
conditions [8–10]. In particular, Compe`re-Song-Strominger (CSS) boundary conditions [8]
lead to a theory of three dimensional gravity that is generically dual to a warped CFT
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(WCFT). The latter is a two dimensional, nonrelativistic quantum field theory invariant
under the warped conformal transformation [11, 12]
ϕ→ f(ϕ), t→ t+ g(ϕ), (1.1)
where f(ϕ) and g(ϕ) are two arbitrary functions of the angular coordinate ϕ ∼ ϕ + 2pi.
Notably, the generators of eq. (1.1) form a chiral Virasoro-Kac-Moody algebra where the
U(1) symmetry is not an internal one since it is responsible for spacetime transformations.1
The study of WCFT was inspired by the search for holographic duals to extremal black
holes. A wide class of extremal black holes — including rotating black holes in four [20] and
five dimensions [21] — feature an SL(2, R) × U(1) symmetry at the near horizon throat.
With Dirichlet-Neumann boundary conditions, the asymptotic symmetries of the near hori-
zon geometry are enhanced to a chiral Virasoro-Kac-Moody algebra [8, 22], suggesting
that the dual field theory is a WCFT. Holographic dualities involving WCFTs have passed
several checks including a Cardy-like formula that reproduces the Bekenstein-Hawking en-
tropy [12], correlation functions that replicate greybody factors [23], and characters that
match one-loop determinants in the bulk [24].
Warped CFTs, like their unwarped cousins, must be invariant under modular trans-
formations — large diffeomorphisms of the theory defined on the torus. This fundamental
aspect of WCFTs has dramatic consequences, as it relates the spectrum of the theory at
large and small values of the angular potential and leads to the aforementioned Cardy-like
formula [12]. In conventional CFTs, unitarity and modular invariance put further con-
straints on the spectrum beyond the asymptotic growth of states demanded by Cardy’s
formula [6, 25–28]. This program is known as the modular bootstrap and it has been suc-
cessfully applied to CFTs with internal (lower spin) symmetries in [29–31] and additional
spacetime (higher spin) symmetries in [32, 33].
In this paper we adapt the modular bootstrap to warped CFTs and use it to derive
bounds on the spectrum of gravitational theories. We will focus on holographic WCFTs,
warped CFTs featuring a negative U(1) level, and interpret our results in the simplest
gravitational setup compatible with their symmetries: three dimensional gravity with CSS
boundary conditions. Besides modular invariance we assume
(i) Virasoro-Kac-Moody primaries with positive semidefinite norms, and
(ii) a spectrum of primary states satisfying h ≥ p2/k with c > 1,
where h denotes the conformal weight, p is the U(1) charge, k denotes the U(1) level, and
c is the central charge. The first assumption is critical for the validity or our results while
the second is not strictly necessary but simplifies parts of the analysis. These assumptions
can also be used to derive bounds on WCFTs with positive level and we show how known
results for unitary CFTs with internal U(1) symmetries can be extended to unitary WCFTs.
Conversely, the constraints on the spectrum of holographic WCFTs we are about to describe
also imply constraints on CFTs with internal U(1) symmetries and negative level.
1While relatively new, several aspects of warped CFTs have been studied in the literature including
their partition functions [12, 13] and entanglement entropy [14–16]. A few examples of warped CFTs are
known such as chiral Liouville gravity [17], free Weyl fermions [18], and free scalars [19].
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Holographic WCFTs are characterized by a Virasoro-Kac-Moody algebra with a positive
central charge but a negative U(1) level. Consequently, these theories feature negative norm
descendant states that violate unitarity, one of the fundamental tenets of the modular
bootstrap. Nevertheless, we will show that the negative norm states can be resummed into
a Virasoro-Kac-Moody character whose contribution to the bootstrap equations is positive.
This fact makes the modular bootstrap feasible in theories with mild violations of unitarity.
Assuming positive norm Virasoro-Kac-Moody primaries we show that
any WCFT with a Virasoro-Kac-Moody algebra and negative level must feature at
least two states with imaginary U(1) charge.
This means that there is a sector in the WCFT for which the U(1) charge operator is
nonhermitian and whose role in our story is better understood in the dual theory of gravity.
Indeed, we will see that the bulk theory always contains a special state with imaginary U(1)
charge, namely the AdS3 vacuum. Other states with imaginary charge correspond to known
solutions of Einstein equations with pathologies that are not always critical, as they include
for instance conical defects that would hint at the necessity of matter fields in the bulk.
The presence of negative norm descendant states poses no obstruction to the derivation
of bounds on the zero mode charges of the theory. In particular, it is possible to derive
constraints on the conformal weight of the Virasoro-Kac-Moody characters provided the
weight is bounded from below. This motivates us to consider an absolute minimum weight
h0 = 0 which is compatible with assumption (ii) above. Consequently, we show that the
first excited Virasoro-Kac-Moody primary satisfies the Hellerman bound in the limit where
the central charge is large,
h <
c
12
+ 0.479, c 1. (1.2)
Note that Virasoro primaries like the U(1) current and related low weight operators are
excluded from eq. (1.2) as they correspond to U(1) descendants of the vacuum.
Unitary WCFTs, in contrast to holographic WCFTs, feature a positive U(1) level and
positive norm descendant states. In this case we can derive a bound similar to eq. (1.2) but
stronger by a factor of O(10−3), a consequence of the positive norm descendant states that
are absent in holographic WCFTs. Furthermore, when the U(1) level is positive, we can
adapt the bounds derived for CFTs with internal U(1) symmetries in refs. [29, 31]. Thus,
we will show that positive level WCFTs satisfying assumptions (i) and (ii) must feature a
large-c spectrum such that [29, 31]2
h
|p| ≤
√
2pi
c
6
+O(1), for at least one state, (1.3)
h <
c
12
+O(1), for the lightest charged state, (1.4)
|p| ≤ 1√
2
, for the smallest possible charge. (1.5)
2Note that ref. [31] provides evidence for a stronger bound on the weight-to-charge ratio (1.3) scaling as√
c. Interestingly, such a bound can be proven analytically in theories with higher spin symmetries [32].
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Finally, we will argue that the stronger bound for the lightest charged state derived in [31],
namely
h <
c
α
+O(1), α > 16, (1.6)
should also hold in unitary WCFTs in the large central charge limit.
The paper is organized as follows. Section 2 describes the salient features of three
dimensional gravity with CSS boundary conditions that are pertinent to our story. In
Section 3 we introduce the partition function of the WCFT, derive the Virasoro-Kac-
Moody characters, and write down the bootstrap equation. Section 4 contains our main
results, where the constraints on the spectrum of holographic WCFTs are presented. The
bounds on unitary WCFTs are derived in Section 5. In Section 6 we give a gravitational
interpretation of the constraints on holographic WCFTs derived in Section 4. We conclude
in Section 7. In Appendix A we derive the nonlocal map between the Virasoro-Kac-Moody
algebras discussed in Section 2 using the state-dependent asymptotic Killing vectors of
ref. [8]. In Appendix B we collect special values of the Dedekind eta function and the
Eisenstein series.
2 Three-dimensional gravity a` la CSS
In this section we consider three-dimensional Einstein gravity with CSS boundary condi-
tions and an asymptotic Virasoro-Kac-Moody algebra. We will focus on the nonstandard
representation of the algebra and its map to the canonical form. We also comment on the
tension between the space of allowed metric solutions and the integrability of charges, and
point out its resolution.
We begin by recalling that in asymptotically AdS3 spacetimes with Brown-Henneaux
boundary conditions the boundary metric is flat and nondynamical [1]. This boundary
condition is necessary, although not sufficient, to recover the two copies of the Virasoro
algebra that characterize the dual conformal field theory.3 In contrast, CSS boundary
conditions promote one of the components of the boundary metric γµν to a dynamical
(chiral) variable
ds2r→∞ = r
2ds2b = r
2γµνdx
µdxν , ds2b = −dx+
[
dx− −B′(x+)dx+
]
, (2.1)
where x± = t ± φ and B′(x+) = ∂+B(x+). This boundary condition, along with other
boundary conditions on the subleading components of the metric, lead to an asymptotic
symmetry group described by a left-moving Virasoro and U(1) Kac-Moody algebras [8].
These are the symmetries of a WCFT and one finds that at the boundary the Virasoro-
Kac-Moody symmetries act as
x+ → f(x+), x− → x− + g(x+), (2.2)
3Additional boundary conditions on the subleading components of the metric are necessary to guarantee
the existence of finite and nontrivial charges.
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where f(x+) and g(x+) are two arbitrary functions.4 In particular, the second transforma-
tion shifts the value of B(x+) in eq. (2.1), reason why the boundary metric must feature
an arbitrary chiral function.
In the Fefferman-Graham gauge [34] it is possible to write the most general solution
to Einstein’s equations compatible with the boundary condition (2.1). The space of metric
solutions consistent with a well-defined variational principle is parametrized by two unde-
termined integration parameters, a chiral function L(x+) and a constant L¯, which together
with B(x+) yield [8]
ds2 =
dr2
r2
− r2dx+
[
dx− −B′(x+)dx+
]
+
6
c
L(x+)(dx+)2 +
6
c
L¯
[
dx− −B′(x+)dx+
]2
− 1
r2
36
c2
L(x+)L¯ dx+
[
dx− −B′(x+)dx+
]
.
(2.3)
Comparison to the Ban˜ados parametrization of the classical phase space of AdS3 gravity [35]
shows that the CSS boundary conditions dress up the corresponding constant-L¯ solutions
with a boundary metric.5 In particular, we note that for constant L(x+) → L both the
(dressed) AdS3 vacuum with L = L¯ = −c/24, as well as (dressed) BTZ black holes with
L ≥ 0, L¯ ≥ 0, are solutions of the theory (see Fig. 1).
2.1 Asymptotic symmetry algebra
There are two salient features of CSS boundary conditions that play an important role in
our story. The first is that the asymptotic Virasoro-Kac-Moody symmetry algebra is not
in the canonical form. Indeed, denoting the modes of the Virasoro and U(1) charges by Ln
and Pn, respectively, the asymptotic symmetry algebra reads [8]
[Ln,Lm] = (n−m)Ln+m + c
12
n3δn+m,
[Ln,Pm] = −mPn+m +mP0 δn+m,
[Pn,Pm] = −2nP0 δn+m,
(2.4)
where the central charge takes the usual Brown-Henneaux value of c = 3`/2G — with
Λ = −`2 the cosmological constant and G Newton’s constant — and the Ln and Pn modes
are given in terms of L(x+), L¯, and B(x+) by
Ln = 1
2pi
∫
dφ einx
+
{
L(x+)− L¯ [B′(x+)]2
}
, (2.5)
Pn = 1
2pi
∫
dφ einx
+
{
L¯+ 2L¯ B′(x+)
}
. (2.6)
Curiously, the U(1) level of the algebra depends on the value of P0, being negative for
P0 > 0 and positive otherwise. In the dual WCFT this implies that some of the U(1)
descendants of BTZ black holes — among other P0 > 0 solutions — have negative norm,
4The relationship between the lightcone coordinates (x+, x−) and the WCFT coordinates (t, ϕ) used in
Section 1 will be clarified in the next section.
5Ban˜ados’ solution is given by eq. (2.3) with B(x+)→ 0 and L¯→ L¯(x−).
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while descendants of primary states with P0 < 0, like those of the vacuum, are healthy. Also
note that the L¯-dependent (second) term in eq. (2.5) is almost the Sugawara contribution
of the U(1) algebra, except that it is missing the appropriate powers of P0 modes.
As with Brown-Henneaux boundary conditions, the zero modes charges of this algebra
correspond to linear combinations of mass and angular momentum, namely L0 = 12(M+J)
and P0 = 12(M − J). These modes may be written as
L0 = L− α2L¯, P0 = L¯, (2.7)
where L and α2 are constants defined in terms of L(x+) and B(x+) by
L =
1
2pi
∫
dφL(x+), α2 =
1
2pi
∫
dφ[B′(x+)]2. (2.8)
It is worth noting that if L¯ 6= 0 then α2 = (2L¯)−2∑n6=0 PnP−n and hence α2 is non-
vanishing for backgrounds with nontrivial Pn charges. These backgrounds shift the energy
and angular momentum of the corresponding undressed (Brown-Henneaux) solution as
illustrated in Fig. 1. In particular, the fact that L0 rotates clockwise with respect to L for
increasing values of α2, i.e. that the mass M = L0 + P0 decreases when L¯ > 0, is related
to the fact that the level is negative whenever L¯ is positive. On the other hand if L¯ = 0,
α2 remains finite but B(x+) drops out from all charges.
J|α=0
AdS vacuum - c12
(Dressed) BTZ black holes
M|α=0
P0 = L¯
L0|α→0
L0|α→∞
L0
L
Figure 1: Spectrum of 3D gravity with CSS boundary conditions where L0 and P0 denote
the zero modes of the Virasoro-Kac-Moody algebra. As α→ 0, the L0 axis approaches the
L axis and we recover the Brown-Henneaux identification of mass and angular momentum.
Another important feature of CSS boundary conditions is that the zero mode of the
U(1) charge is often assumed to be a fixed constant. This follows from consistency of the
asymptotic symmetry group, namely the integrability of the charges (2.5) and (2.6), which
prevents L¯ from varying. A fixed value of P0 seems to be too restrictive, however, as it
removes many of the solutions in eq. (2.3). Furthermore, the holographic derivation of
entropy in the dual WCFT uses a Cardy-like formula that requires a chemical potential
for the U(1) charge [12]. This implies that P0 should be allowed to vary. Relatedly, if the
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chemical potential is turned on, then modular invariance requires states with different P0
charges. Therefore the parameter L¯, while still constant, should not be kept fixed — it
parametrizes different states/solutions in the same theory.
We now note that 3D gravity with CSS boundary conditions does admit integrable
charges with constant but varying L¯ provided that i) B(x+) in eqs. (2.1) and (2.3) is a
periodic function; and ii) the asymptotic Killing vectors are state-dependent, i.e. depen-
dent on the P0 charge of the background [8]. The advantage of using state-dependent
Killing vectors is twofold. On the one hand they lead to a consistent asymptotic symmetry
group with variable zero mode charges. On the other hand they modify the asymptotic
symmetry algebra in such a way as to reproduce the canonical Virasoro-Kac-Moody alge-
bra used in the analysis of the dual field theory (see Appendix A). The bounds derived
with the modular bootstrap employ this canonical Virasoro-Kac-Moody algebra. Hence,
in what follows L¯ is taken to be an arbitrary constant for which the charges of the bulk
theory remain well-defined, i.e. finite, conserved, and integrable. Note that the Ln and
Pn charges given in eqs. (2.5) and (2.6) remain useful as their asymptotic Killing vectors
are background-independent and more closely related to those of 3D gravity with Brown-
Henneaux boundary conditions.
2.2 Canonical map
The Virasoro-Kac-Moody algebra (2.4) is also featured in other holographic approaches to
WCFTs [22, 36, 37], although it differs from the canonical algebra used to describe the
field theory, namely
[Ln, Lm] = (n−m)Ln+m + c
12
n3δn+m,
[Ln, Pm] = −mPn+m,
[Pn, Pm] =
k
2
nδn+m.
(2.9)
The two algebras are in fact related, as originally shown in ref. [12]. Indeed, after the
(nonlocal) redefinition of the Ln and Pn charges,6
Ln = Ln + 2P0Pn − P 20 δn, Pn = 2P0Pn − P 20 δn, (2.10)
the CSS algebra (2.4) reduces to the canonical Virasoro-Kac-Moody algebra (2.9) with
central charge c = 3`/2G and level k = −1. In Appendix A we point out an alternative
way to obtain eq. (2.10) using the state-dependent asymptotic Killing vectors found in [8].
A crucial feature of the map (2.10) is that it adds the necessary Pn modes required to
interpret their total contribution to Ln as originating from the Sugawara construction,
i.e. we have,
Ln =
1
2pi
∫
dφ einx
+
L(x+) +
1
k
∞∑
m=−∞
: PmPn−m :, (2.11)
6The overall sign of Pn in eq. (2.10) differs from that of ref. [12]. This is a consequence of the extra
minus sign in the U(1) commutator of eq. (2.4), which is also not present in [12].
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where we have normal ordered the product of Pn modes following the standard prescrip-
tion [38], ∑
m
: PmPn−m :=
∑
m≤−1
PmPn−m +
∑
m>−1
Pn−mPm. (2.12)
The first term in eq. (2.11) is the same contribution to the Ln charge found in 3D grav-
ity with Brown-Henneaux boundary conditions. On the other hand, the second term is
consistent with the 2D gravity interpretation of ref. [39] where it was understood to be a
consequence of the Weyl anomaly. In particular, if we denote the modes associated with
L(x+) by `n =
1
2pi
∫
dφ einx
+
L(x+), then the canonical Virasoro-Kac-Moody algebra implies
that the U(1) sector of the theory factorizes, i.e.
[`n, Pm] = 0. (2.13)
The bounds derived in Section 4 apply to WCFTs with a canonical Virasoro-Kac-
Moody algebra and are translated into constraints on the bulk theory via eq. (2.10). Before
we adapt the modular bootstrap to holographic WCFTs, let us point out some interesting
properties of the Ln and Pn modes. First, note that eq. (2.10) maps L0 to the bulk
angular momentum, i.e. L0 = L0 −P0 = J . The WCFT bounds of Section 4 are quantum
mechanical in nature and constrain the expectation value of L0 on Virasoro-Kac-Moody
primaries. In terms of bulk data, the expectation values of the canonical zero modes are
given by
〈ψ|L0 |ψ〉 = L− L¯, 〈ψ|P0 |ψ〉 =
√
L¯, (2.14)
where |ψ〉 denotes a primary state. In eq. (2.14) we have used the normal ordering pre-
scription for the Sugawara modes that contribute to L0 (2.11), i.e. we have used the fact
that Pn |ψ〉 = 0 for n > 0. This ordering prescription is natural from the dual WCFT
point of view. It is also consistent in the bulk theory since backgrounds with vanishing
B′(x+) functions have vanishing Pn modes — the bulk analog of Pn |ψ〉 = 0 — and angular
momentum given by J = L− L¯, see eqs. (2.7) and (2.8).
Interestingly, if all of the metrics in eq. (2.3) are interpreted as valid solutions in the
quantum theory, then according to eq. (2.14) its spectrum must include solutions with
negative values of L¯, i.e. WCFT states with imaginary P0 charge.
7 The AdS3 vacuum
stands out among such states as it preserves the global SL(2, R)×U(1) symmetries of the
theory. The emergence of imaginary P0 charges can be traced back to the variable level of
the original U(1) algebra (2.4). Indeed, in order to fix the level of the canonical algebra to
a negative constant, the map (2.10) rescales some of the Pn modes by imaginary values,
effectively rendering the corresponding charge an antihermitian operator. To see this note
that the definition of Pn modes given in eq. (2.6) implies that
P†n = P−n, (2.15)
7Note that complex values of P0 lead to complex metrics in the bulk theory. Hence we will only consider
real or pure imaginary P0 charges, for which the metric is real.
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which follows from the assumed hermicity of the bulk U(1) charge. In contrast, using the
map (2.10), the canonical Pn modes satisfy
P †n = P−n, if P
2
0 ≥ 0, (2.16)
P †n = −P−n, if P 20 < 0. (2.17)
As a result the canonical U(1) charge associated with the Pn modes is hermitian for states
with L¯ ≥ 0 and antihermitian otherwise. From eq. (2.17) it follows that, despite the
negative level, all of the U(1) descendants of states with L¯ < 0 have positive norm. This
is a feature that carries over from the original Virasoro-Kac-Moody algebra (2.4) and
shows that the antihermicity of the canonical U(1) charge for L¯ < 0 states is required for
consistency.
3 Modular bootstrap for WCFTs
In this section we derive the modular crossing equation that is used in Section 4 to constrain
the spectrum of holographic WCFTs. Unlike CFTs with internal U(1) symmetries there
are a few subtleties we must discuss first in order to justify the applicability of our results
to the bulk theory. Herein we also deal with the elephant in the room, the negative
norm descendant states, and show that their overall contribution to the modular crossing
equation is positive and universal, i.e. independent of the details of the spectrum. This
fact makes the modular bootstrap viable despite the violation of unitarity.
3.1 Partition function and modular transformations
Let us consider WCFTs with a canonical Virasoro-Kac-Moody algebra (2.9) and a negative
level normalized to k = −1. The fact that the U(1) symmetry is a spacetime symmetry
plays an important role in the modular properties of WCFTs. Indeed, both the U(1) Kac-
Moody and SL(2, R) symmetries are used to generate the large diffeomorphisms of the
torus under which the theory must be invariant. Note that the lack of Lorentz invariance
means that we have different possible tori — parametrized by the choice of spatial cycle
— on which we can place the theory. Different choices of the spatial cycle lead to different
partition functions equipped with their own modular transformation properties [13, 14].
However, since all of these partition functions are related to one another, we expect the
constraints derived in one frame (spatial cycle) to be derivable in other frames as well. In
this paper we will place the theory on the canonical circle where the spatial and thermal
cycles are respectively given by
(t, ϕ) ∼ (t, ϕ+ 2pi) ∼ (t+ 2piz, ϕ+ 2piτ). (3.1)
The coordinates (t, ϕ) of the WCFT are not the same boundary lightcone coordinates
(x+, x−) of 3D gravity with CSS boundary conditions. Neither are the two Virasoro-Kac-
Moody algebras given in eqs. (2.4) and (2.9). These two facts are related, as the map be-
tween the tilded and untilded generators given in eq. (2.10) corresponds to a reparametriza-
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tion of the coordinates [12],8
x+ = ϕ, x− =
t
2P0
− ϕ. (3.2)
In particular, this change of coordinates maps the canonical circle of the WCFT into the
same circle in the dual bulk theory, namely
(x+, x−) ∼ (x+ + 2pi, x− − 2pi) ∼ (x+ + 2piγ+, x− + 2piγ−), (3.3)
where γ± depend on P0, z, and τ . Thus, modular invariance of the bulk theory, i.e.
invariance under the exchange of the spatial and thermal cycles of the torus, corresponds
to modular invariance of the boundary WCFT.
In the WCFT the L0 and P0 modes generate translations in the ϕ and t coordinates,
respectively. Thus, the partition function is given by
Z(τ, z) = Tr(qL0yP0), (3.4)
where q = e2piiτ and y = e2piiz. Formally this is the same partition function of a chiral
CFT with an internal U(1) symmetry. Under modular S-transformations that exchange
the spatial and thermal cycles we have [12]
Z(τ ′, z′) = e−
ipi
2
z2
τ Z(τ, z), (3.5)
where τ ′ and z′ are given by
τ ′ = −1
τ
, z′ =
z
τ
. (3.6)
The covariance of the partition function under modular S-transformations is also shared
by CFTs with internal U(1) symmetries [12, 40]. This should not be surprising since, given
the modular transformations of the potentials in eq. (3.6), what ultimately determines the
transformation of the partition function is the symmetry algebra [29]. This suggests that
eq. (3.5) does not depend on the hermicity properties of the U(1) charge, a fact made
explicit in the geometrical derivation of eq. (3.5) in ref. [12]. In particular, the exponential
term in eq. (3.5) is a direct consequence of the U(1) level, which is a fixed constant in the
canonical Virasoro-Kac-Moody algebra.
Before considering the implications of modular S-transformations, note that in the
WCFT modular T-transformations, τ → τ + 1, correspond to shifts of the angular coor-
dinate by factors of 2pi. Therefore, a single valued partition function must be invariant
under modular T-transformations, the latter of which restrict L0 to take integer values.
This result is consistent with the identification of L0 as angular momentum in the bulk
theory which must also take integer values.
8This change of coordinates reproduces eq. (2.10) provided Pn ∝ δn, i.e. it works only for the Virasoro
and P0 modes of the algebra.
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3.2 Virasoro-Kac-Moody characters and the crossing equation
The modular S-transformation of the partition function constrains the spectrum of the
WCFT in several ways. Most dramatically, it relates the spectrum of the theory at large
and small values of the angular potential θ = −iτ . This leads to a version of Cardy’s
formula which has been successfully applied in the holographic derivation of black hole
entropy in different systems generically dual to WCFTs [12]. However, as noted originally
in [6, 41, 42], modular invariance — or covariance as in our case — of the partition function
can be used to derive further constraints on the spectrum of the theory that are independent
of the potentials τ and z.
In order to see this let us denote the eigenvalues of the L0 and P0 modes by h− c/24
and p, respectively. Here h is the conformal weight, i.e. the eigenvalue of L0 on the plane.
The partition function now reads
Z(τ, z) =
∑
h,p
dh,p q
h− c
24 yp, (3.7)
where the sum runs over primary and descendant states of the Virasoro-Kac-Moody algebra
and dh,p counts their norm-weighted degeneracies. Eq. (3.5) leads to a modular crossing
equation, ∑
h,p
dh,p
{
e−
2pii
τ
(h−c/24−zp) − e− ipi2 z
2
τ
+2piiτ(h−c/24+zp/τ)
}
= 0, (3.8)
which must hold for all values of the potentials τ and z. This implies that each of the
coefficients in its Taylor expansion around, say, the fixed point τ = i, z = 0, must vanish.
In other words, there is an infinite number of constraints of the form∑
h,p
dh,p (τ∂τ )
n(∂z)
m
{
e−
2pii
τ
(h−c/24−zp) − e− ipi2 z
2
τ
+2piiτ(h−c/24+zp/τ)
}
τ=i,z=0
= 0, (3.9)
for any integers n and m.9 The modular bootstrap exploits the fact that each of the
sums in eq. (3.9) must add up to zero, and uses this information to derive bounds on the
spectrum. This is achieved through linear combinations of the operators (τ∂τ )
n(∂z)
m that
are chosen to yield positive semidefinite summands — which can never add up to zero —
unless certain assumptions on the spectrum of the theory are made.
An important assumption of the modular bootstrap is unitarity, which guarantees that
all the coefficients dh,p in eq. (3.8) are positive. This makes it possible to determine which
of the linear combinations of eq. (3.9) yields a positive-definite summand without requiring
detailed knowledge of the spectrum. Negative values of dh,p are nevertheless admissible
provided that we know the distribution of negative norm states. This is generically not
possible and may go contrary to the bootstrap philosophy which aims to constrain the
spectrum of CFTs with as minimal as possible a set of assumptions.
9Note that if m = 0 then eq. (3.9) yields nontrivial constraints only for odd n. Similarly, if n = 0,
eq. (3.9) yields independent constraints for m = 4s+ 2 where s is a positive integer.
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The holographic WCFTs we are interested in are not unitary and feature states with
negative values of dh,p. Indeed, a consequence of a negative level is the existence of U(1)
descendant states with negative norm. The distribution of these negative norm states is
generic and does not depend on details of the spectrum, a fact that allows us to resum
all negative contributions to the partition function. In order to see this we reconsider the
partition function in terms of Virasoro-Kac-Moody characters and show that the latter
are manifestly positive at the fixed point τ = i, z = 0. Thus, the corresponding crossing
equation features dh,p coefficients whose sign depends only on the norm of Virasoro-Kac-
Moody primaries.
We begin by considering the contribution of the U(1) descendant states to the Virasoro-
Kac-Moody character. Let |h, p〉 denote a Virasoro-Kac-Moody primary state with confor-
mal weight h and real charge p. We then note that, after an appropriate normalization,
the norm of the U(1) descendant states satisfies∣∣∣ ∏
ni,mi
Pmi−ni |h, p〉
∣∣∣2 =
+1 if
∑
imi is even,
−1 if ∑imi is odd. (3.10)
The distribution of negative norm states in eq. (3.10) is independent of the charge or weight
of the primary state, a consequence of the abelian nature of the U(1) algebra. Furthermore,
it is not difficult to see that all of the U(1) descendant states are orthogonal to each other.
Thus, the contribution of the U(1) descendants to the Virasoro-Kac-Moody character is
given by
(1− q + q2 − . . . )(1− q2 + q4 − . . . ) . . . =
∞∏
n=1
1
1 + qn
= q1/24
η(τ)
η(2τ)
. (3.11)
In this way the negative norm states which could in principle spoil the modular bootstrap
are resummed into a ratio of Dedekind eta functions η(τ). In order to compute the contri-
bution of the Virasoro descendants it is convenient to use the “Sugawara basis” where the
descendant states are obtained via ∏
ni,mi
(
L
(s)
−ni
)mi |h, p〉 , (3.12)
and L
(s)
n are the modes of the Sugawara-substracted stress tensor, namely
L(s)n = Ln −
1
k
∞∑
m=−∞
: PmPn−m : . (3.13)
The normal ordering prescription is given in eq. (2.12). We now make the following as-
sumption on the conformal weight and central charge,
h ≥ −p2, c > 1. (3.14)
These assumptions guarantee that the contribution of the Virasoro descendants to the
Virasoro-Kac-Moody character reads
∞∏
n=1
1
1− qn (1− δvac q) =
1
η(τ)
q1/24(1− δvac q), (3.15)
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where δvac = 1 for the vacuum — defined as the state annihilated by the L−1 generator —
and is zero otherwise.
The advantage of using the Sugawara basis is that the L
(s)
n and Pn operators commute,
a fact that translates into (i) orthogonality of the corresponding descendant states, and (ii)
factorization of the norm of mixed states featuring both Virasoro and U(1) descendants.
Thus, the full Virasoro-Kac-Moody character χh,p(τ, z) is given by the product of the
Virasoro and U(1) contributions, whereupon10
χh,p(τ, z) =
1
η(2τ)
qh−(c−2)/24 yp(1− δvac q), p ∈ R. (3.16)
This character is independent of the basis used for the Virasoro descendants, but estab-
lishing eq. (3.16) using the Ln generators is a more elaborate task. Expanding χh,p(τ, z)
for small but positive imaginary values of τ we find
χh,p(τ, z) = q
h−c/24 yp(1− δvac q)(1 + q2 + 2q4 + 3q6 + 5q8 + 7q10 +O(q12)). (3.17)
For states other than the vacuum, the coefficients in this expansion are guaranteed to be
positive semidefinite as q1/12/η(2τ) is the generating function for the number of partitions
of an integer into even parts. If the vacuum carries real (or vanishing) charge, then its
character is given by eq. (3.16). Although odd powers of q in the expansion of this character
have negative coefficients, the character is still positive when evaluated at the fixed point
τ = i, z = 0, i.e. we have
χvac,p(i, 0) ≈ 0.998 e−2pi(h−c/24), (3.18)
where we have used the value of η(2i) given in Appendix B. The positivity of the character
at the fixed point is to be expected as descendant states make only subleading contributions
proportional to powers of e−2pi.
In contrast to the states with real charge, descendant states with imaginary charge
make only positive contributions to the corresponding Virasoro-Kac-Moody character.11
Indeed, due to the antihermicity of the Pn generators (2.17), the algebra of states with
imaginary charge is equivalent to a Virasoro-Kac-Moody algebra with a positive level.
Hence all of the U(1) descendant states carry positive norm and the character is given by
χh,p(τ, z) =
1
η(τ)2
qh−(c−2)/24yp(1− δvacq), p ∈ iR, (3.19)
where we have assumed eq. (3.14) still holds. Note that the factor of (1−δvac q) in eq. (3.19)
accounts for the fact that the vacuum may carry imaginary charge.
Incidentally, note that it is possible to relax either or both of the assumptions made on
the conformal weight and the central charge in eq. (3.14). In this case, for purely imaginary
10We thank Diego Hofman for discussions on this character.
11From this analysis we do not find any compelling reason to include arbitrary complex charges. On the
other hand, it is only for real or imaginary charges that we know how to compute the norm of descendant
states. Furthermore, it is only real or imaginary charges that correspond to real metrics in the bulk theory.
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values of the modular parameter τ = iθ and θ > 0, the character of a Virasoro-Kac-Moody
primary is bounded by12[
2− e
−piθ/12
η(iθ)
]
e−piθ/12η(iθ)
η(2iθ)
≤ e2piθ(h−c/24)y−pχh,p(iθ, z) ≤ e
−piθ/6
η(iθ)2
. (3.20)
This bound holds for states with either real or imaginary charge. The upper bound cor-
responds to the Virasoro-Kac-Moody character where all Virasoro and U(1) descendants
have positive norm. On the other hand, the lower bound corresponds to a character where
the Virasoro descendants carry negative norm, hence the factor of 2 − e−piθ/12η(iθ) , while the
norm of U(1) descendants alternates as in eq. (3.11). In particular, the character is positive
at the fixed point and satisfies
0.996262 ≤ e2pi(h−c/24)χh,p(i, 0) ≤ 1.00375. (3.21)
Thus, the modular bootstrap is feasible even if we relax our assumptions on the conformal
weight and central charge. In particular, note that the results of Section 4.1 are valid as
long as the characters are positive at the fixed point. In contrast, the Hellerman bound
derived in Section 4.2 is sensitive to the values of the characters and their derivatives.
There we find that different characters yield the same Hellerman bound at leading order
in c, giving only subleading corrections of O(10−3).
To summarize, the characters of the Virasoro-Kac-Moody representations to be used
in the following sections depend on the U(1) charge. If the charge is real, the character
receives contributions from negative norm descendant states and is given by eq. (3.16). On
the other hand, if the charge is imaginary all descendant states carry positive norm and the
character is given by eq. (3.19) instead. When evaluated at the fixed point τ = i, z = 0,
the difference between these characters is of O(10−3).
In terms of Virasoro-Kac-Moody characters the partition function becomes
Z(τ, z) =
∑
h,p
Dh,p χh,p(τ, z), (3.22)
where the sum runs only over Virasoro-Kac-Moody primaries and Dh,p accounts for their
degeneracy, the latter of which is assumed to be a positive number. In particular, note
that the U(1) current and related Virasoro primary states are already accounted for in the
vacuum character since these states are U(1) descendants of the vacuum. Using eq. (3.5)
the modular crossing equation now reads∑
h,p
Dh,p F (h, p) ≡
∑
h,p
Dh,p
{
χh,p(−1/τ, z/τ)− e−
ipi
2
z2
τ χh,p(τ, z)
}
= 0. (3.23)
This form of the crossing equation is serviceable when derivatives with respect to τ are
taken. Since these derivatives act nontrivially on the characters and the latter differ for
states with real or imaginary charges, further manipulations of the crossing equation are
12It is not difficult to show that eq. (3.20) also implies a bound on the derivatives of the character, the
latter of which would be necessary to derive bounds on the conformal weight.
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not particularly helpful when τ derivatives are involved. On the other hand, when only
derivatives with respect to z are taken, a more useful formulation of the crossing equation
is given by ∑
h,p
Dh,pγh,p(−1/τ) F˜ (h, p) = 0, (3.24)
where F˜ (h, p) reads
F˜ (h, p) = χ˜h,p(−1/τ, z/τ)− γh,p(τ)
γh,p(−1/τ)e
− ipi
2
z2
τ χ˜h,p(τ, z), (3.25)
and we have defined
χ˜h,p(τ, z) = q
hyp, γh,p(τ) =
χh,p(τ, z)
χ˜h,p(τ, z)
. (3.26)
The main advantage of this parametrization, beyond the simplification of future equations,
is that it makes manifest the fact that detailed knowledge of the γh,p(τ) function is not
necessary when derivatives with respect to z are taken. Indeed, the prefactors accompany-
ing F˜ (h, p) in eq. (3.24) are always positive at τ = i. Likewise, at the fixed point the ratio
of γh,p(τ) functions in eq. (3.25) equals 1. We conclude that the existence of negative norm
states does not impose an obstruction to the modular bootstrap as their contribution to
the crossing equation is generic and can be resummed into a positive number.
4 Holographic WCFT bounds
Let us now use modular covariance of the partition function to derive constraints on the
spectrum of holographic WCFTs and, correspondingly, 3D gravity with CSS boundary
conditions. The modular crossing equation imposes an infinite number of constraints on
the spectrum of the theory, which follow from the fact that eq. (3.24) must hold for all
values of the potentials τ and z. We write these constraints as∑
h,p
Dh,p ∆F (h, p) = 0, (4.1)
where ∆ is a differential operator evaluated at τ = i, z = 0 that is given by
∆ =
∑
n,m
bn,m(τ∂τ )
n∂mz , (4.2)
with real bn,m coefficients. We restrict our analysis to operators ∆ with a small total
number N ≤ 6 of derivatives and hence consider only the first few constraints imposed by
the modular crossing equation (3.24). Nevertheless, we will see that these constraints are
powerful enough to impose nontrivial bounds on the spectrum.
– 15 –
4.1 States with imaginary U(1) charge
Although holographic WCFTs feature a negative U(1) level, and are therefore not unitary,
we may still hope to restrict the U(1) charges to be real valued. This is inconsistent with
modular invariance which demands the existence of states with imaginary charge if the
Dh,p coefficients are positive. In order to see this let us consider the tilded representation
of the crossing equation (3.24) — to be used exclusively in this subsection — and one of
the simplest differential operators, ∆1 = ∂
2
z , which must satisfy
0 =
∑
h,p
Dh,pγh,p(i)∆1 F˜ (h, p), (4.3)
0 =
∑
h,p
Dh,pγh,p(i)e
−2pihpi(1 + 8pip2). (4.4)
Since the summand is positive definite for states with real charge we reach a contradiction
and find that
(i) at least one Virasoro-Kac-Moody primary with either negative norm or imaginary
charge p2 < −1/8pi must be included in the spectrum.
In the context of CFTs with an internal U(1) symmetry this result is consistent with
the expectation of negative norm primary states. However, holographic WCFTs suggest
the second option is also viable and, in the context of the modular bootstrap, the more
interesting alternative. Indeed, as discussed in Section 2 the bulk theory of gravity features
an exceptional state with imaginary U(1) charge — the AdS3 vacuum — which is invariant
under the SL(2, R)×U(1) global symmetries of the theory and minimizes the combination
of zero modes h+ p2. This motivates us to consider the existence of at least one state with
imaginary U(1) charge in the spectrum. We will parametrize the charge of this state by
p 2a = −da, da > 0, (4.5)
while the corresponding conformal weight ha is left arbitrary. Since the contribution of
this state to the crossing equation is a special one, it will prove convenient to distinguish it
from the contribution of the primary states with real charge. Thus, the crossing equation
may be written as ∑
h,p 6=ha,pa
D˜h,pγ˜h,p(−1/τ) ∆F˜ (h, p) = −∆F˜ (ha, pa), (4.6)
where ∆ is an operator featuring only derivatives with respect to z and we have defined
for convenience
D˜h,p =
Dh,p
Dha,pa
, γ˜h,p(−1/τ) = γh,p(−1/τ)
γha,pa(−1/τ)
. (4.7)
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More states with imaginary U(1) charge
The (ha, pa) state described above cannot be the only state with imaginary U(1) charge.
Indeed, modular invariance of the WCFT requires at least one additional operator with a
negative value of p2. In order to show this we need to consider operators with a greater
number of ∂z derivatives and no derivatives in τ . We first note that not all of the ∂
n
z
operators yield linearly independent ∂ nz F˜ (h, p) functions. The set of linearly independent
real functions ∂ nz F˜ (h, p) is generated by
∆˜(s) = ∂ 4s+2z . (4.8)
It is not difficult to show that ∆˜(s)F˜ (h, p) is a positive semidefinite polynomial in p2, i.e. we
have
∆˜(s)F˜ (h, p) =
2s+1∑
n=1
an p
2n, a2s+1 > 0, ai 6=2s+1 ≥ 0. (4.9)
In particular, this implies that for operators ∆ = ∆˜(s) the summand on the left hand side
(LHS) of the crossing equation (4.6) is positive for states with real charge. On the other
hand, for large values of da, the contribution of the (ha, pa) state to the crossing equation
is manifestly negative,
∆˜(s)F˜ (ha, pa) ∼ −da2s+1, da  1. (4.10)
This means that the crossing equation, as written in eq. (4.6), can be easily satisfied for
large enough values of da without any additional assumptions on the spectrum. However,
since −∆˜(s)F˜ (ha, pa) is not positive everywhere, there are ranges D(s)a in the space of da
charges where the LHS of eq. (4.6) is positive while the right hand side (RHS) is negative
(see Fig. 2). Hence, for values of da ∈ ∪nD(n)a the crossing equation becomes inconsistent
unless an additional primary state with imaginary charge is added to the spectrum.
We can illustrate this with a simple example using the operator ∆2 defined by
∆2 = ∂
6
z − 15pi2∂ 2z , (4.11)
where the relative coefficient is chosen to maximize the bounds we are about to describe.
The action of this operator on F˜ (h, p) is given by
∆2 F˜ (h, p) = e
−2pih(4pi4p2)(15 + 60pip2 + 32pi2p4), (4.12)
which is not positive definite for states with arbitrary imaginary charge. Indeed, as illus-
trated in Fig. 2, −∆2 F˜ (ha, pa) is negative whenever da ∈ D(2)a where
D(2)a ≈ (0.095, 0.502). (4.13)
Thus, modular invariant WCFTs featuring a state with −pa2 = da ∈ D(2)a must contain an
additional state with imaginary charge. Furthermore, it follows from eq. (4.12) that the
charge of this state must lie within
−p2 ∈ (0, 0.095) ∪ (0.502,∞), (4.14)
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which is the complement of D
(2)
a , i.e. the complement of the shaded region in Fig. 2b.
The small range of D
(2)
a poses an obvious obstruction to generalizing this result to states
(ha, pa) with arbitrarily large charge. In particular, note that the coefficient accompanying
the ∂ 2z operator in eq. (4.11) is chosen to maximize D
(2)
a so this is the best we can do at
this order.
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Figure 2: The contribution to the crossing equation (4.6) from (a) states with real-valued
charges and (b) the state with imaginary charge pa
2 = −da. If da lies in the shaded region,
the WCFT must contain an additional state with imaginary charge.
Let us now extend the range of da where holographic WCFTs must feature an addi-
tional state with imaginary charge. Consider the following operator depending on two real
and positive parameters b6 and b2,
∆3 = ∂
10
z − 63pi2b6 ∂ 6z + 945pi4b2 ∂ 2z . (4.15)
For a given b6, the corresponding ∆3 F˜ (h, p) function is not positive except for large enough
values of b2. Our strategy is to fix b6 and use a semidefinite program solver [43] to find the
minimum value of b2 for which ∆3 F˜ (h, p) is positive semidefinite if p is real. In contrast,
the contribution of the (ha, pa) state to the RHS of eq. (4.6) is always negative if da ∈ D(3,i)a
for some range D
(3,i)
a . The i index in D
(3,i)
a is a label denoting different choices of the b6 and
b2 parameters. While there is no value of b6 for which this range is infinite, larger values of
b6 shift D
(3,i)
a towards larger values (see Fig. 3). Hence, through appropriate choices of b6
we can extend the region where the crossing equation becomes inconsistent to arbitrarily
large values of the da charge. We demonstrate this in Table 1 where b6 and b2 parameters
are given that extend this region up to
D(2)a ∪i D(3,i)a ⊃ (0, 7.492). (4.16)
There is no obstruction to widening the gap (4.16), as illustrated in Fig. 3 and the last
entry of Table 1. We conclude that in holographic WCFTs with positive Dh,p coefficients
(ii) the spectrum must feature at least one additional state with imaginary U(1) charge.
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Figure 3: The contribution to the crossing equation (4.6) from (a) states with real-valued
charges and (b) the state with imaginary charge pa
2 = −da. Larger values of b6 extend
D
(3,i)
a further to the right. The blue shaded region denotes the contribution of D
(2)
a (see
Fig. 2b).
i b6 b2 D
(3,i)
a
1 3.25 2.29 (0, 0.106) ∪ (0.500, 1.243)
2 15 122.58 (0, 0.040) ∪ (1.243, 2.692)
3 59 2827.05 (0, 0.040) ∪ (2.684, 4.774)
4 169 26222 (0, 0.039) ∪ (4.766, 7.492)
...
...
...
...
... 10000 103471503 (0, 0.039) ∪ (41.243, 48.789)
...
...
...
...
Table 1: b6 and b2 parameters and the range D
(3,i)
a where −∆3 F˜ (ha, pa) is negative.
As with the simpler example illustrated in Fig. 2, the value of −p2 for this state must lie
in the compliment of ∪jD(3,j)a where the D(3,j)a must be chosen so that da ∈ D(3,j)a . This
guarantees the existence of b6 and b2 coefficients for which the crossing equation breaks
down. For example, for da ∼ 2.69 inspection of Table 1 shows that ∪jD(3,j)a = D(3,2)a ∪D(3,3)a .
Hence, if da ∼ 2.69 there is an additional state with imaginary charge such that
−p2 ∈ (0.040, 1.243) ∪ (4.774,∞). (4.17)
If the charge does note lie within this range then there exists a combination of b6 and b2
parameters for which the crossing equation remains inconsistent. In particular, note that
the charge cannot sit too close to that of the (ha, pa) state.
We may now parametrize the charge of this new state by pb
2 = −db. The contribution
of this state to the crossing equation depends on the value of db so it is convenient to
move it to the RHS of eq. (4.6) and attempt to repeat the analysis performed above for
the appropriate b6 and b2 coefficients. Such a feat is generically not possible unless further
assumptions on the spectrum are made. The reason is that for any coefficients b6 and b2
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for which the contribution of −∆3 F˜ (hb, pb) is negative, the corresponding contribution of
−∆3 F˜ (ha, pa) is positive. In general, we can not determine if the overall contribution of
these states to the RHS of the crossing equation is negative. If this were the case, then
modular invariance would require the addition of yet another state with imaginary charge
to the spectrum — the third of its kind. On the other hand, an overall positive contribution
would constrain only the spectrum of real charges. It is possible to prove the necessity of a
third state with imaginary charge for certain values of da and db but we cannot show this
is true in general. Nevertheless, from the general properties of the functions ∆˜(s)F˜ (h, p)
noted above it may be possible to construct higher order operators that lead to inconsistent
crossing equations unless more states with imaginary charge are added to the spectrum.
4.2 Bounds on the conformal weight
Let us now consider bounds on the conformal weight of holographic WCFTs. First, recall
that the unitarity bound of a CFT with a Virasoro-Kac-Moody algebra and level k is given
by h ≥ p2/k and c > 1. For k = −1 this is the bound given in eq. (3.14) that was used
to derive the Virasoro-Kac-Moody characters. When the U(1) charge is imaginary, this
bound leads to a spectrum of conformal weights that is bounded from below by h→ 0. In
contrast, when the charge is real, eq. (3.14) implies an unbounded spectrum, reason why
we will further assume
h ≥
−p
2 if p2 < 0,
0 if p2 ≥ 0,
c > 1. (4.18)
In particular, note that the bound for states with real charge is stronger than eq. (3.14) and
hence it remains compatible with the derivation of the Virasoro-Kac-Moody characters of
Section 3. Finally, we point out that it is possible to relax the boundedness on the conformal
weight and derive a bound on the spectral flow invariant combination h− p2/k instead, as
discussed further in Section 6.
We now show that the first excited Virasoro-Kac-Moody primary in a holographic
WCFT compatible with eq. (4.18) and featuring only positive norm primary states satisfies
the Hellerman bound [6]
h1 <
c
12
−O(1), c 1. (4.19)
Here h1 denotes the weight of the first excited primary state such that h0 < h1 where
h0 = 0 saturates the bound (4.18). Note that in the dual theory of gravity with CSS
boundary conditions this state does not correspond to the AdS3 vacuum. Indeed, while
the latter is annihilated by the L±1 generators of the global SL(2, R) transformations,
it satisfies h = c/24 instead. In a more general context, h0 would be interpreted as the
vacuum, but in what follows we remain agnostic about the precise nature of this state.
Let us consider an operator ∆i acting on the untilded representation of the modular
crossing equation (3.23). In this equation it is convenient to split the contribution of a
generic state from the state that saturates the bound (4.18), whereby∑
h,p 6=h0,p0
Dh,p∆iF (h, p) = −Dh0,p0∆iF (h0, p0). (4.20)
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Restricting our analysis to the lowest number of derivatives we define the following differ-
ential operators
∆1 = τ∂τ , ∆3 = (τ∂τ )
3. (4.21)
Then, following [6], the modular crossing equation (4.20) implies∑
h,p 6=h0,p0
Dh,p
{
∆1F (h, p)∆3F (h0, p0)−∆3F (h, p)∆1F (h0, p0)
}
= 0. (4.22)
The above is a powerful equation relating several unknowns, for neither the spectrum of
weights or charges, or even the characters of the representations contributing to eq. (4.22)
need to be known. Indeed, the bound on the characters given in eq. (3.20) is sufficient to
derive the Hellerman bound as it introduces at most an error of O(10−3) that is subleading
in the large central charge limit. Nevertheless, in what follows we will use the precise form
of the characters derived in eqs. (3.16) and (3.19).
Using the definition of F (h, p) given in eq. (3.23) the modular crossing equation be-
comes ∑
h,p 6=h0,p0
Dh,pχh,p(i)χh0,p0(i)32pi
3G(h, κ) = 0, (4.23)
where we introduced κ = c/24 for convenience and the factors multiplying G(h, κ) are all
positive semidefinite, in contrast to G(h, κ) which is given by
G(h, κ) =2piκh3 − 3κh2 − (3 + 2piκ)κ2h+ . . . (4.24)
In eq. (4.24) the dots denote terms that depend on derivatives of the characters which are
subleading in the large central charge limit. These terms are approximately given by
(−i)n∂nτ γˆh,p(τ, 0)
γˆh,p(τ, 0)
∣∣∣∣
τ=i
∼ O(10n−3), n = 1, 2, 3, (4.25)
where γˆh,p(τ, z) = q
−(h−c/24)y−pχh,p(τ, z). Although states with real or imaginary charges
are described by different characters, all characters make similar subleading contributions
to the crossing equation. Nevertheless, in the calculations that follow we use the full but
cumbersome expression for the G(h, κ) function.
The behavior of G(h, κ) is illustrated in Fig. 4 and features both positive and negative
values, a necessary condition for the crossing equation to be satisfied. In particular, G(h, κ)
is positive for large enough values of h and features a real zero at h = hr if c > 0.838.
This restriction on c is satisfied by our assumption on the central charge (4.18). Hence, if
we assume that the first excited Virasoro-Kac-Moody primary satisfies hr ≤ h1 we reach
a contradiction, as any other state satisfies hr ≤ h1 < h and gives a positive contribution
to the crossing equation. Thus, the weight of the first excited primary state is bounded
by h1 < hr. This result holds provided the spectrum is bounded from below. Otherwise,
states with arbitrarily low conformal weight exist for which G(h, κ) is negative and the
crossing equation is satisfied (see Fig. 4).
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−2 −1 1 2 3 4
1
2
h0 hr h
G(h, 2) · 10−2
Figure 4: The G(h, 2) function (c = 48) where both the χh0,p0(τ, z) and χh,p(τ, z) charac-
ters are given by eq. (3.16). The crossing equation is inconsistent unless the weight h1 of
the first excited state satisfies h1 < hr.
The value of hr depends on the characters χh0,p0(τ, z) and χh1,p1(τ, z). Using the
identities and special values of the Dedekind Eta function given in Appendix B we find
that the (weakest) bound on the first excited state is given by
h1 <
c
12
+ 0.479, c 1. (4.26)
This bound corresponds to the case where the characters of both the h1 and h0 states
are given by eq. (3.16) and h0 is assumed to be the vacuum. Hence Virasoro-Kac-Moody
primaries with negative norm descendant states yield the weakest bound at subleading
order in c. On the other hand, when the characters of these states are given by eq. (3.19),
i.e. when the charges p1 and p0 are assumed to be imaginary, and neither of them is the
vacuum, we obtain a stronger bound h1 < c/12 + (12 − pi)/6pi ≈ c/12 + 0.470. For any
other combination of characters the corresponding bound on the weight h1 lies between
this value and that given in eq. (4.26). Thus, the presence of negative norm descendant
states weakens the bound at most by terms of O(10−3).
We conclude this section by noting that eq. (4.26) applies to any CFT with a U(1)
algebra featuring a negative level, positive norm Virasoro-Kac-Moody primaries, and the
constraints on the conformal weight given in eq. (4.18). The positivity of the Dh,p coeffi-
cients is an important assumption as it led to the addition of states with imaginary charge.
If one demands reality of all charges, then at least one Virasoro-Kac-Moody primary must
have negative norm and the bound derived above may still hold but can no longer be
justified.
5 Unitary WCFT bounds
While our focus has been on holographic WCFTs, we will not shy away from deriving
bounds on unitary WCFTs with a positive level. The analysis is facilitated by the fact
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that the characters of unitary Virasoro-Kac-Moody representations with positive central
charge, positive level, and h ≥ h0 = 0 are independent of the charge of the state. Indeed,
the unitary Virasoro-Kac-Moody character is already given in eq. (3.19) and reproduced
here for convenience
χh,p(τ, z) =
1
η(τ)2
qh−(c−2)/24yp(1− δvacq). (5.1)
Now note that the crossing equation (4.23) used in the previous section holds for theories
with a positive or negative level, as its dependence on the U(1) level drops out at the
fixed point τ = i, z = 0. Furthermore, the corresponding G(h, κ) function is still given
by eq. (4.24) where the omitted terms can be computed using the results of Appendix B.
Thus, assuming only Virasoro-Kac-Moody primaries with positive norm are featured in the
spectrum, we find that the first excited primary state satisfies
h1 <
c
12
+ 0.471, c 1. (5.2)
Not surprisingly, this bound is stronger from that found in holographic WCFTs by a term
of O(10−3), a consequence of the subleading nature of descendant states which distinguish
different characters.
Let us now adapt the bounds derived in refs. [29, 31] to unitary WCFTs with a positive
level. We first note that the modular S-transformation of the WCFT partition function
given in eq. (3.5) is indistinguishable from that of a CFT with an internal U(1) symme-
try [12, 40]. However, for WCFTs with a positive level we must flip the sign of the expo-
nential term in eq. (3.5). We now show that, for τ = iθ and up to a factor of (1−δvace−2piθ),
the WCFT partition function (3.22) is equivalent to the CFT partition function consid-
ered in ref. [31]. The equivalence is established after an appropriate identification of their
parameters (on the left of the equations below)
∆˜→ h, c˜→ c
2
. (5.3)
The reason the partition functions match up to a factor of (1− δvace−2piθ) is that ref. [31]
considers a representation of the partition function in terms of Virasoro but not Kac-Moody
characters. That is, their partition function Z˜(τ, τ¯ , z) at τ = iθ reads
Z˜(τ, τ¯ , z) =
∑
h˜,˜¯h,p
D
h˜,˜¯h,p
qh˜−(c˜−1)/24yp
η(τ)
(1− δvacq) q¯
˜¯h−(c˜−1)/24
η(τ)∗
(1− δvacq¯), (5.4)
=
∑
h,p
D
h˜,˜¯h,p
1
η(τ)2
qh−(c−2)/24yp(1− δvacq)2
∣∣∣
τ=iθ
, (5.5)
where q¯ = e−2piiτ¯ and we have used eq. (5.3) with ∆˜ = h˜+ ˜¯h. Clearly, up to the additional
factor of (1 − δvace−2piθ) accompanying the vacuum CFT character, eq. (5.5) shares the
same structure as the partition function of a unitary WCFT with character (5.1). In
particular, note that although D
h˜,˜¯h,p
in eq. (5.5) and Dh,p in the WCFT partition function
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count different kinds of states, all that is required by the modular bootstrap is that these
coefficients are positive semidefinite.
The presence of an extra (1− δvace−2piθ) term is not discouraging, for it has a similar
effect as that of the negative norm states considered in Section 4.2. Furthermore, note
that ref. [29] considers a representation of the partition function in terms of primary and
descendant states, i.e. not in terms of characters. In the Hellerman bound for holographic
WCFTs (4.26) different characters lead to O(10−3) corrections, the latter of which are small
due to the small number of τ derivatives taken in the crossing equation. For this reason
any discrepancy between characters should not affect the bounds reported in refs. [29, 31]
when the number of τ derivatives is small. Thus, in the large central charge limit the
spectrum of a modular invariant, unitary WCFT must feature [29, 31]
h
|p| ≤
√
2pi
c
6
+O(1), for at least one state, (5.6)
h <
c
12
+O(1), for the lightest charged state, (5.7)
|p| ≤ 1√
2
, for the smallest possible charge, (5.8)
where the relative factors of
√
2 with respect to refs. [29, 31] follow from our conventions
for the Virasoro-Kac-Moody algebra.
We conclude this section by noting that ref. [31] provides numerical evidence for a
stronger bound on the conformal weight of the lightest charged state. This bound is derived
by extrapolating to infinity the number N of τ derivatives of the crossing equation obtained
from eq. (5.4). As shown in Table 1 of ref. [31], increasing the number of derivatives at
fixed central charge gives only subleading corrections to the bound, a fact that makes the
extrapolation N → ∞ possible. In particular, Table 1 of ref. [31] suggests that at large
but fixed c, the bound on the lightest charged state can be derived using only up to Nc
derivatives where Nc/c is small. In our case the difference between vacuum characters in
the WCFT and CFT partition functions grows with the number of τ derivatives taken
on the characters. However, up to Nc derivatives, we still expect the relative factor of
(1 − δvace−2piθ) to yield subleading contributions to the bound, as in Table 1 of ref. [31].
Thus, unitary WCFTs should satisfy a stronger bound on the lightest charged state in the
large central charge limit, namely [31]
h <
c
α
+O(1), α > 16. (5.9)
6 Bulk interpretation of holographic WCFT bounds
We now turn to the holographic interpretation of the results derived in Section 4, beginning
with the constraints on the U(1) charges.
Imaginary U(1) charges
The states with imaginary charge required by the modular bootstrap have an interesting
bulk interpretation. This follows from the relationship between zero modes of the bulk
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and boundary algebras (2.14) whereby states with imaginary charge correspond to bulk
metrics with L¯ < 0. One such state is the AdS3 vacuum which, despite not saturating
the bound on the conformal weight given in eq. (4.18), is annihilated by the generators
of global symmetries. The results of Section 4.1 suggest that if the quantum theory of
3D gravity with CSS boundary conditions contains Virasoro-Kac-Moody primaries with
positive norm, then it must also include at least one solution other than the vacuum and
(healthy) BTZ black holes. With the exception of the AdS3 vacuum, the solutions with
L¯ < 0 include metrics with either (see Fig. 5)
i. causal singularities (CTCs) if 0 < L [1, 44],
ii. conical deficits if L ≤ 0 and L+ L¯ > −c/12 [45],
iii. and conical surpluses if L ≤ 0 and L+ L¯ < −c/12 [45].
Conical defects stand out among these solutions as they result from the presence of matter
in the bulk theory.
J|α=0
- c12
(Dressed) BTZ black holes
CTCs
CTCs
Conical deficits
Conical surpluses
M|α=0
P0 = L¯ L
Figure 5: With the exception of the vacuum, states with imaginary U(1) charge in the
WCFT correspond to pathological solutions with L¯ < 0 in the bulk theory.
Our results are reminiscent of the conclusions reached in ref. [5] which show that 3D
gravity with Brown-Henneaux boundary conditions but without matter, and in fact without
any of the pathological L¯ < 0 solutions, is inconsistent quantum mechanically. While both
our analysis and that of ref. [5] exploit modular invariance of the partition function, they do
so in different ways. In this paper we have assumed that theDh,p coefficients of the partition
function are positive integers and used modular invariance to obtain an inconsistent theory
unless states with imaginary charge are added to the spectrum. In contrast, ref. [5] assumes
a spectrum for 3D gravity already compatible with modular invariance, consisting of the
vacuum and all of its modular images, and obtains Dh,h¯ coefficients that do not admit a
physical interpretation.
Thus, a possible interpretation of our results is that 3D quantum gravity with a nega-
tive cosmological constant must feature additional solutions beyond the vacuum and BTZ
– 25 –
black holes (including their SL(2,Z) cousins [5, 46]), regardless of whether one imposes
Brown-Henneaux or CSS boundary conditions.
Bounds on angular momentum
The bound on the conformal weights imposed in eq. (4.18) has dramatic consequences in
the bulk theory. Indeed, using the map between zero modes given in eq. (2.14), we obtain
the following constraints on the bulk data (2.3),
L ≥ − c
24
, if L¯ < 0,
L− L¯ ≥ − c
24
, if L¯ ≥ 0.
(6.1)
The first constraint is also found in 3D gravity with Brown-Henneaux boundary conditions
while the second constraint is more novel, although not completely unexpected given that
the Sugawara contribution to the L0 mode in eq. (2.11) has an overall negative sign.
Note that eq. (4.18) places no restriction on B′(x+), one of the components of the
boundary metric, which is left arbitrary. The reason for this is that metrics with nonva-
nishing B′(x+) correspond to nonlinear solutions of 3D gravity dressed with U(1) descen-
dants. This observation follows directly from the linear dependence of the bulk Pn charges
on B′(x+). In contrast, eq. (4.18) constrains only the weight of Virasoro-Kac-Moody pri-
maries, and has little to say about the corresponding descendant states. Hence eq. (4.18)
can only restrict the charges of the B′(x+) = 0 solutions of the bulk theory. In that case
the parameter α2 introduced in eq. (2.7) vanishes and we obtain the following constraints
on the charges
L0|α=0 ≥ −
c
24
, if L¯ < 0,
J|α=0 ≥ −
c
24
, if L¯ ≥ 0.
(6.2)
The second constraint in eq. (6.2) puts a lower bound on the angular momentum of
BTZ black holes, among other undressed solutions, as illustrated in Fig. 6. From the WCFT
point of view, the solutions with L¯ > 0 and angular momentum J|α=0 < −c/24 must feature
negative norm Virasoro descendants. These states are interpreted as boundary gravitons in
the bulk theory that are crucially different from the standard boundary gravitons of Brown
and Henneaux, due to the CSS boundary conditions. It would be interesting to understand
the physical implications of including such states in the spectrum of 3D gravity and a
few speculations are considered at the end of this section. Relatedly, note that the CSS
boundary conditions break chirality by promoting only the γ++ = B
′(x+) component of the
boundary metric to a dynamical variable. The “conjugate” choice, namely γ−− = C ′(x−),
exchanges the L and L¯ dependence of the bulk charges and, in particular, that of eq. (6.1).
This alternative choice of CSS boundary conditions leads to a complimentary upper bound
on the angular momentum of the BTZ black holes which must then satisfy J|α=0 ≤ c/24.
The Hellerman bound (4.26) has an equally interesting but by now not surprising
bulk interpretation. Using the map between the bulk and boundary zero modes (2.14) the
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J|α=0
- c12
M|α=0
P0 = L¯ L
− c24
(Dressed) BTZ
black holes
Figure 6: The bound (4.18) restricts the parameters L and L¯ of the bulk theory to lie
outside the red region (left of the dash-dotted line). When B(x+) = 0, eq. (4.18) puts a
lower bound on the angular momentum of BTZ black holes, i.e. J|α=0 ≥ − c24 .
angular momentum of the first excited primary state besides the U(1) current is bounded
from above by
J|α=0 = L− L¯ <
c
24
+ 0.479. (6.3)
Note that eq. (6.3) is a direct consequence of the bound imposed on the conformal weight
in eq. (4.18). The latter guarantees a bounded spectrum that leads to a well defined
and, from the point of view of the WCFT, physically motivated partition function. If the
bound (4.18) is not saturated we find instead
J|α=0 <
c
24
− h0 + 0.479, (6.4)
for some h0 < c/24. In any case, the curious map between the bulk and boundary algebras
implies that any bounds on the conformal weight of the WCFT correspond to bounds on
the angular momentum of undressed solutions in the bulk theory.
Comments on boundedness of the spectrum
We have seen that a bounded spectrum in the WCFT has dramatic consequences in the
dual theory of gravity. Note, however, that it is possible to relax eq. (4.18) and extend
the h ≥ −p2 bound to all states. In this case we should consider the algebra that results
from subtraction of the Sugawara stress tensor, which is characterized by a Virasoro zero
mode L
(s)
0 that is bounded from below, cf. eq. (3.13). We can then define a new partition
function where it is possible to derive a new Hellerman bound for the eigenvalue of L
(s)
0 .
In the bulk this bound implies that the first excited state satisfies instead
L = M + J <
c
24
+O(1), (6.5)
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which is the same bound one obtains from a CFT dual to three-dimensional gravity with
Brown-Henneaux boundary conditions.
Nevertheless, it would be interesting to understand how the lower bound on the angular
momentum given in eq. (6.2) may arise in the gravitational context. One obvious possibility
is that the bound is a technical requirement, one that is necessary to validate the Hellerman
bound derived in the WCFT via the modular bootstrap. Alternatively, the bound (6.2) may
be an artifact of the nonlocal map between the CSS and canonical Virasoro-Kac-Moody
algebras which should be understood better. Another possibility is that (6.2) is required
for consistency of the bulk theory, the latter of which already violates chirality through
the boundary conditions. Finally, it is possible that backgrounds with J|α=0 < −c/24 and
L¯ > 0 feature instabilities triggered by the addition of descendant states. If so it would
be interesting to find the mechanism responsible for such instabilities, which would also
explain the origin of the negative level in the Virasoro-Kac-Moody algebra.
7 Conclusions
In this paper we exploited modular covariance of the partition function to derive constraints
on the spectrum of warped CFTs. We found that despite the mild violation of unitarity,
the modular bootstrap is still feasible in theories with negative norm descendant states.
This allowed us to constrain the spectrum of holographic WCFTs and interpret our results
in the dual theory of gravity. We have argued that these results are universal and apply
to any theory with a Virasoro-Kac-Moody algebra and negative level satisfying natural
assumptions on boundedness and the norm of primary states. Furthermore, the fact that
conventional CFTs with internal U(1) symmetries share the same modular transformation
properties as WCFTs allowed us to extend the bounds derived in [29, 31] to unitary WCFTs
with a positive level.
There are in principle no obstructions to the application of more advanced numerical
methods to further constrain the spectrum of holographic WCFTs. In particular, we expect
that higher order differential operators can be used to prove the existence of additional
states with imaginary charge. Furthermore, we expect to find a similar improvement to
the bound on the first excited state reported in refs. [28, 31]. Likewise, it should be
possible to derive bounds on the lightest charged state of holographic WCFTs, as well
as bounds on the weight-to-charge ratio of at least one state. One complication in this
analysis is the existence of states with imaginary charge since the crossing equation receives
contributions of O(p2) whose sign depends on the spectrum, i.e. on whether the charge is
real or imaginary. This requires the construction of higher order differential operators ∆
featuring both z and τ derivatives.
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A State-dependent asymptotic Killing vectors
In this appendix we show that the nonlocal map between the CSS (2.4) and canonical (2.9)
Virasoro-Kac-Moody algebras can be derived using the state-dependent asymptotic Killing
vectors found in [8]. The corresponding charges are well-defined, i.e. finite, conserved, and
integrable, provided that the function B(x+) in eqs. (2.1) and (2.3) is periodic. Crucially,
with this choice of asymptotic Killing vectors the zero mode charge P0 is allowed to vary,
which is an important assumption made in the analysis of the dual field theory.
The Ln and Pn charges given in eqs. (2.5) and (2.6) correspond to the symmetries
generated, respectively, by the following asymptotic Killing vectors [8]
ξn = e
inx+
(
∂+ − r
2
in∂r
)
+ . . . , ηn = e
inx+∂− + . . . , (A.1)
where . . . denote terms subleading in the radial coordinate r. The derivation of the charges
in eqs. (2.5) and (2.6) assumes that the P0 = L¯ charge is a fixed constant. To remedy this,
the following state-dependent asymptotic Killing vectors were proposed in Appendix B of
ref. [8]13
ξn → ξ′n = ξn − ηn, ηn → η′n =
ηn
2
√
L¯
, (A.2)
where we have rescaled η′n by a factor of 2 with respect to [8]. Let us denote the charges
corresponding to ξ′n and η′n by Ln and Pn, respectively. The latter are given by
Ln =
1
2pi
∫
dφ einx
+
{
L(x+)− L¯[1 +B′(x+)]2}, (A.3)
Pn =
1
2pi
∫
dφ einx
+
{√
L¯+
√
L¯B′(x+)
}
, (A.4)
and satisfy the Virasoro-Kac-Moody algebra (2.9) with central charge c = 3`/2G and level
k = −1. Both the Ln and Pn charges are integrable for varying L¯. Furthermore, note that
the second term in eq. (A.3) is precisely the Sugawara contribution of the Pn charges, as
noted in eq. (2.11) for the Ln and Pn charges defined in eq. (2.10). In fact, using eqs. (2.5)
and (2.6), it is not difficult to show that the Ln and Pn charges given in eqs. (A.3) and (A.4)
satisfy
Ln = Ln + 2P0Pn − P 20 δn, Pn = 2P0Pn − P 20 δn, (A.5)
which is the nonlocal map between the Virasoro-Kac-Moody charges given in eq. (2.10). In
particular, note that due to the square root in the definition of Pn in eq. (A.4), the charges
of states with L¯ < 0 are antihermitian and satisfy eq. (2.17).
13State-dependent Killing vectors had been discussed earlier in the context of warped AdS3 in ref. [47].
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Thus, by means of the state-dependent asymptotic Killing vectors (A.2) we can kill
two birds with one stone. On the one hand we render the charges of 3D gravity with CSS
boundary conditions finite, conserved, and integrable for varying L¯. On the other hand we
reproduce the nonlocal map of ref. [12] that is used to put the algebra in eq. (2.4) into its
canonical form (2.9).
B Useful formulae
In this appendix we collect useful formulae necessary to derive the Hellerman bound. In
principle it is possible to simplify the crossing equation by multiplying the partition function
by appropriate powers of η(τ), as done in ref. [28]. However, since the Virasoro-Kac-Moody
character is different for real and imaginary charges, it is more convenient to leave intact
all instances of η(τ) appearing in the partition function.
Now note that derivatives of the Dedekind eta function are linear in η(τ) and propor-
tional to powers of the Eisenstein series En(τ) where n = 2, 4, 6. This follows from
∂τη(τ) =
ipi
12
η(τ)E2(τ), (B.1)
and the Ramanujan identities,
∂τE2(τ) =
pii
6
[
E2(τ)
2 − E4(τ)
]
, (B.2)
∂τE4(τ) =
2pii
3
[
E2(τ)E4(τ)− E6(τ)
]
, (B.3)
∂τE6(τ) = pii
[
E2(τ)E6(τ)− E4(τ)2
]
. (B.4)
Next, we note that at the fixed point τ = i the values of the Dedekind eta function and
the Eisenstein series can be shown to satisfy
η(i) =
γ
2pi3/4
, E2(i) =
3
pi
, E4(i) =
3
(2pi)6
γ8, E6(i) = 0, (B.5)
where γ is given by
γ = Γ
(
1
4
)
. (B.6)
Since the character of Virasoro-Kac-Moody representations with negative level and real
charge is inversely proportional to η(2τ), it is also necessary to know that
η(2i) =
γ
211/8pi3/4
, (B.7)
and the corresponding values of the Eisenstein series which are given by
E2(2i) =
3
25pi3
(24pi2 + γ4), E4(2i) =
33
210pi6
γ8, E6(2i) =
189
215pi9
γ12. (B.8)
The values of η(τ) in eqs. (B.5) and (B.8) can be found in the fifth volume of Ramanujan’s
notebooks [48]. On the other hand, the values of the Eisenstein series may be obtained
from the observation that any modular form, including E2(τ)− 2E2(2τ) which is modular
at level 2, can be written in terms of quotients of η(τ), η(2τ), and η(4τ) [49, 50].14
14Note that ref. [50] contains a typo and E2(τ)− 2E2(2τ) = −η(2τ)20/[η(τ)η(4τ)]8 − 16η(4τ)8/η(2τ)4.
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